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Abstract 

The functions on the lattice generated by the integer degrees of q 2 are considered, 
< q < 1. The g 2 -translation operator is defined. The multiplicators and the q 2 - 
convolutors are defined in the functional spaces which are dual with respect to 
the g 2 -Fourier transform. The g 2 -analog of convolution of two (^-distributions is 
constructed. The g 2 -analog of an arbitrary order derivative is introduced 

1 Introduction 

The Fourier transform plays an important part in the harmonic analysis on the simple 
Lie groups and on the homogeneous spaces. The concept of the convolution is closely 
connected with the Fourier transform because the last moves the convolution of two 
functions to the product of their images. In case of the quantum groups and quantum 
homogeneous spaces the (/-analogs of the Fourier transform play the same part and the 
problem to construct the (/-analog of the convolution arises. The different (/-analogs 
of the Fourier transform have been investigated in ]l|, |2j, ]3|, H|. The (/-convolution was 
introduced for the first time in ||. It is extensive investigated in [||, |6|. The definition 
of the (/-convolution is connected with the definition of the (/-Fourier transform because 
the (/-Fourier transform moves the (/-convolution of two functions to the product of their 
images. The (/-convolution considered in |5], |6| is connected with the (/-Fourier transform 
considered in |3j]. In these works the braided line is introduced. 

In [|7J the g 2 -Fourier transform and the inversion formula have been constructed and 
they are quite similar to the classical ones || [|. This construction coincides with the 
classical Fourier transform if q — > 1. The construction of the (/ 2 -convolution corresponding 
the g 2 -Fourier transform in the space of (^-distributions is proposed in the present work. 
Thus constructing of the theory similar to the classical one || [| is prolonged. Moreover 
the braided line construction presents implicitly in this work, because we consider non 
commuting variables. 

The (/ 2 -convolution operator allows to determine the g 2 -derivative of an arbitrary order. 
In this paper we will use the same notation that in 0. 
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2 Some preliminary relations 

We assume that z G C and \q\ < 1, unless otherwise is specified. 



We recall some notations p0| . For an arbitrary a 

I ix — u 

{a,q)oo = hm (a,q) 



1 for n = 

(l-a)(l-ag)...(l-ag n-1 ) for n > 1, 



n— >oo 



(q 2 ,q 2 )i(q 2 ,q 2 )i- 



Consider the q 2 -exponentials 



E A z ) = H 7- 2 n2) =(-^g 2 )c 

and the basic hypergeometric series 

r $ s (ai, ...,a r ;bi,.. .,b s ] q 2 ,z) = 
{a 1 ,q 2 ) n ---{a r ,q 2 ) n 



\z\ < 1, 



E 



n=0 (9 2 ,? 2 )n(&l,g 2 )n---(&s,g 2 )n 

We consider the series 



[{-l) n q^)] 1+s - r z n 



Q(z,q) = (l-q 2 ) y: 



zq 2m _|_ 2 -lg-2m 



m=— oo 



expressed by thet a- function (see 0). Assume 

9 = Q(l-g 2 ,?). 



(2.1) 
(2.2) 



(2.3) 



(2.4) 



Let A = C(z,z x ) be the algebra of formal Laurent series. The g 2 -derivative of 
f(z) e A is defined as 



d,f(z) 



1 — q- 



<f(z)-f(q 2 z)). 



For an arbitrary n > 



8 k Z n = { i.1 2 ,1 2 )n-k{l-q 2 ) h 

I 



z n for < k < n 
for k > n, 



(2.5) 



and for any n > and A; > 
a^-™" 1 = ( 



-1 N \^^-fc(2n+A;+l)_ 

n+k 

" J9 ( ? W)„(1 - ? 2 ) fc 



(2.6) 
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The q^-integral (Jackson integral flIU| ) is defined as the map I q 2 from A to the space 
of formal number series 

„ oo 

W = J d q >zf(z) = (1 - q 2 ) £ g 2m [/(g 2m ) + /(-g 2m )] 



m=—oo 



Definition 2.1 7(2;) zs absolutely q 2 -integrable function, if the series 

00 

E 9 2m [l/(? 2m )l + l/(V m )|] 

m=— 00 

converges. 



Let B be the algebra analogous to A, but generated by s, s~ l which commute with z 
as zs = q 2 sz. 

We denote by AB the whole algebra with generators z, s, s~ l and relations 

zs = q 2 sz, d z s = q' 2 sd z , d s z = q 2 zd s , d z d s = q 2 d s d z . (2.7) 

We will consider AB as a left module under the action of A by multiplication, and a 
right module under the action of B. 

To define the g 2 -integral on AB we order the generators of integrand in such a way 
that z stays on the left side while s stays on the right side. For example, if f(z) = J2r a r zT 
then 



f( zs ) = J2 a r( zs Y = XX<7 

r r 

For convenience we introduce the following notation 



-r(j — 1) r 



\g{zs)\ = Y, a r ZrS ^ if 9( z ) = 



r 
r 



v 

a r z . 



For example, we can derive from (|2.1| ), ( |2.2|) and (|2.7|) that 

E q ,{{l-q 2 )zs)=\e q 2{{l-q 2 )zs)\. 

We define the operator 

K:f{z)^f{q 2 z). 

Obviously 

A z z = q 2 zA z , d z A z = q 2 A z d z . 

3 ^-distributions and the g 2 -Fourier transform 

In [0] we have defined the spaces of the test functions and the (^-distributions and the 
g 2 -Fourier transform has been constructed. We reproduce some statements here. 

Let S q 2 = {(j)(x)} be the space of infinitely g 2 -differentiable fast decreasing functions 

\x k d l x (P(x)\ <C k ,i(q), k>0, l>0. (3.1) 
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Let S be the space of infinitely different iable (in the classic sense) fast decreasing 
function 

\x k (p®(x)\ < C kh k > I > 0. 
It has been show in @ that S C S q 2. In addition 

%0(s)U=o= { f^ V / l) ( Q )- ( 3 - 2 ) 
Proposition 3.1 If (j)(z) G S q 2, then 

d q 2zd z (f)(z) = 0. 

Corollary 3.1 (q 2 -integration by parts). For any k > 

' d q iz<P(z)d k Mz) = (-l) k q- k ^ f d q .zd k z ^z)^q 2k z). (3.3) 



Definition 3.1 The q 2 -distribution f over S q 2 is a linear continuous functional 

/-►< f,<j)>, (p(z)eS q 2. 

We denote by S' q2 the space of the (^-distributions over S q 2. 
The (^-distributions defined by the (^-integral 

/oo °° 
d q ,zf{z)cj>{z) = (i - q 2 ) £ q 2m lf(q 2m Mq 2m ) + f(-q 2m M-q 2m )} 
-°° m=-oo 

we refer as a regular one. 

Proposition [3.1| and Corollary |3.1| allow to introduce the (^-differentiation in S' q2 

<d z f,cf)>=- <A z f,d z <P> . (3.4) 

It follows from fl3.4|) that the conjugate operator for d k for any k > has the form 

(d k )* = (-l) k q k(k - 1) d k A- k . (3.5) 

The change of variables q~ 2k z — > z in the (^-integral leads to 

(A; fc )* = q 2k A k . (3.6) 

Definition 3.2 / is the q 2 - distribution with multiplicity p of the q 2 - singularity if it is 
represented in form 

f=ibd k f k (z), 

k=0 

where fk(z) are the ordinary functions growing no faster then some power of \z\ as \z\ — > 
oo. 
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For example 5 q 2(z) is the g 2 -distribution of multiplicity one of the g 2 -singularity be- 
cause for an arbitrary (f>(z) G S q 2 



< 6?, 4> >=< -d z (0+ - 0$) A >=-< -A z (0+ - 0- 2 ),d z cf> >== -- J Q d#zd g <Kz)+ 

1 nO 1 OO 

+- / dfzd,<Kz) = -5 E W m ) - 4>{q 2m+2 ) + H-Q 2m ) ~ 4>{-q 2m+2 )\ = 

A J - 00 A m=-oo 

= lim «£l±*t£l = m . 

m->oo 2 

Let the space S^ 2 = {ifj(s)} be the copy of the S q 2 = {<fi(z)} ( |3.1| ), but s and 2 behave 
as the generators of the algebra AB (|2.7|). Introduce the same topology in S q as one in 

S q 2 

\s k d l s <P(s)\ <C k}l (q), k>0, l>0, 

Thereby these spaces are isomorphic. 

The g 2 -Fourier transform J 7 ^, i.e. the map S q z into S q has been constructed in 

S q 2 S" 2 

where 

Ff<f>(z)= / d q 2Z(j)(z) $i(-;0;g 2 ,i(l -q 2 )q 2 zs), 



and o^i is determined by ( [2.3| ). The inverse transform 

= 2^ / - sVM*)^*, e (3.7) 

has been constructed and their continuity was proofed. The constant 0o is determined 
by (U). 

The following relations are valid 

T q 2k z = q^Aj 1 ^^, T q 2d z = —isT q 2, T q 2Z = —iq~ 2 A~ x d s T q 2, 

T^A S = q~ % k~ x T~f, T^d s = iA^zFf 1 , = %d z T^. (3.8) 

Definition 3.3 The q 2 -Fourier transform of a q 2 -distribution f G S' q2 is the q 2 - distribution 
g G (S q2 )' defined by the equality 

< g,^j >=< f,4>>, ifj(s) = T q 2<p(z), (3.9) 

where <p(z) is an arbitrary function from S q 2. 
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Presuppose that the g 2 -distribution / corresponds to f(z) and zf(z) is absolutely q 2 
integrable function. Let <p(z) = jF^ 1 ^(s). Then 

< f,<f> >= J d q 2zf(z) J E q2 (-i(l - q 2 )zs)^(s)d q 2S = 
1 



d q 2zf(z)E q 2(i(l - q 2 )zs)tl)(s)d q 2S =< g,if) > . 



29 

It means that the ^-distribution g corresponds to the function 

9(s) = 2!"/ d q 2zf{z)E q 2{i{\ - q 2 )zs). (3.10) 

In the same way, if g is determined by the absolutely g 2 -integrable function g(s) and 
ip(s) = T q -2(j>(z), then 



<g,t/)>= / d q 2Z(p(z) *i(-; 0; q , «(1 - q )q zs)g(s)d q 2S 



d q 2Z<j)(z) J ^i(-; 0; g 2 , -«(1 - q 2 )q 2 zs)g{s)d q 2S =< f, (j) >, 
i.e. / corresponds to 

f(z) = J $ l (-,0;q 2 ,-i(l-q 2 )q 2 zs)g(s)d q 2 S . (3.11) 

The g 2 -Fourier transform of a g 2 -distribution from S' 2 we denote by T ! q 2 . It follows from 
( |3.10| ), ( p. 11| ) and ( |3.8|) that in the space of (^-distributions the following commutative 



relations are valid 

r q2 \ z = q - 2 Aj i r q 2, pfd z = -ih- x sT' q 2, r q 2z = -id s r q 2, 

(3.12) 

4 (/ 2 -shift in the space of the test functions 

Let £ be an element of the same nature as s so their sum is determined 

s + i = i + s , 

and the commutative relations 

ts = q 2 s^ id s = q~ 2 d s ^ k s i = ik s (4.1) 
are fulfilled. In this case we will call the element s subordinate to £. 
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Definition 4.1 We will call the operator 

T e = e (?2 ((l- ? 2 )eA; 1 a s 

by q 2 -shift in the space S q2 . 



(4.2) 



Proposition 4.1 For an arbitrary function g(s) G B 

Tsg(s)=g(s + 0- 

Proof. It follows from ( |2.1| ), ( |4.1| ) and ( |2.6| ) that for an arbitrary n > 

s n - k e = (s + O n - (4-3) 



e ?2 ((l - g 2 )CA; X a s ) S " = ie ?2 ((l - g^A;^)**" = £ 

fc=0 



A' 



By induction on n for any n > one finds 



+ 



-n-l 



£(-i)' 

fc=0 



n + k 
k 



—n—k—Xth 



Jq* 



Therefore, it follows from Q2.1| ), ( |4.1[ ) and ( |2.7fl for any n > 

e g2 ((i - g 2 )^; 1 ^)^"- 1 = - g 2 )^; 1 ^)^— 1 = (a + er^ 1 - 

Now it follows from (|4.3| ) and ( |4.4|) that for g(s) = Y^ r a rS r 



e q 2((l-q^A;%)g(s)=g(s + 0- 



(4.4) 



Proposition 4.2 iy£ 2 ^ s subordinated £i, i.e. 

66 = g 2 6? 



Proof. It follows from Q and Q) 

e ?2 ((l - g 2 )6A; 1 a s )e (?2 ((i - g 2 )^^; 1 ^) = £ ^f|A 2 fc A;^ £ fe^W^ 



E l 1 '/J \ -> 

m=0 W iH )m i =0 



m 

I 



E l 1 '/J \ 

=0 W ' y Jm i=o 



m 

I 



tm—lcl A —mf\m 
S2 Sl^s 



m= 

= E ) 3 J (6 + 6) m A; m ar = e g2 ((i - g 2 )(6 + 6)A; 1 a z ). 

m=0 \Q )m 

■ 

Rule (O) (Order). 7/ a function depends on several variables then it is necessary to put 
them in order according to subordination before one takes its restriction on the lattice 
{q 2n } so that the subordinate variable stands to the right. 
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Proposition 4.3 Operator for £ = q can be represented by the form 

oo 2k(k+m) 
k=0 \H iH )k 

Proof. It is easily to prove by the induction on k that for an arbitrary k > 



(1 - q 2 ) k s k f^ 
It follows from and flOQ that 



1 

£ y2(_iy q -i{2k-i-i) 



k 
I 



ijj(q 2l s 



(4.5) 



oo k n -l(2k-l-l) 



V.(, 2 '- 2 ' S ) 



oo f_]\Zgi(i+l) oo n 2k(k+l) 



E 



E 



Z k+l s- k - l i{j(q- 2k s) 



oo 2fc 2 / oo „Z(2+2fc+l) 

y — e V(-i) 1 - cl ~~ l 



i l z- 1 s~ k i){q~ lk s). 



It is possible to change the order of summation because the inner series are converged 
uniformly with respect to k and I. Substituting £ = q 2m we obtain 



oo 2k(m+k) „ — k oo 

T q ^(s) = £ Q . . ^(g- 2 ^) E("!) 



„Z(/-l)„2Z(m+fe+l) -2 



k=o (?W)z 



1=0 



(q 2 ,q 2 



oo 2k(m+k) 

Y.j^s- k EA-f {m+k ' 1] s- l m q - 2k s\ 

fc=0 \H iH )l 



(4.6) 



Corollary 4.1 If ip(s) is limited by a constant C i.e. for an arbitrary n \i^{q 2n )\ < C 
then for any n and m 

\T q ^(q 2n )\<C. 

Proof. It is seen from (|2.2|) that if k > then E q 2(—q 2k ) > 0, and if < then 
E q 2(-q 2k ) = 0. Substituting s = q 2n in ( pLop we obtain 

oo 2k(k+m—n) 

|7>™V(g 2n )l < _ 9N ^(g 2(fc+m+1 ' n) ) 



fc=0 



oo 2k(k+m-n) oo / i\Z 1(1+1) 2Z(fc+m— n) oo 2fc(fc+m— n) fc 

^EV2-^t-E ( )9 ^ 2 1 ^EWEH) 1 



fc=0 (?W)fc ,=0 
By induction on 



(g 2 ,g 2 



fc=0 (c 2 ,? 2 )* jzs 



/ 



-Z(2fc-Z-1) 



E(-i) ; 

z=o 



/ 



-i(2Jfc-i-l) 



1 for fc = 
for jfc > 1. 



From here the statement of the Corollary follows.i 
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Proposition 4.4 If i/j(s) e S q then 

T^ip(s)d q 2S = I ip{s)d q 2S. (4.7) 



Proof. It follows from ( f4~2[) that 

o 

/,/^ -4- S 



00 CI _ «2\fc 



( |4.7|) follows from Proposition 3J. 



Proposition 4.5 For -0(s) e S'' 3,2 , for any n > 0, m > and /or any r, t 

\s n d™T&( S )\ s=q 2r£ =q 2 t \<C njm . 

Proof. By induction on k 

1 2k 

d^si;(s)) = -^\d k - l ^{s)+q 2k sd k Ms). 
1 — q l 



We get from here and (|4.2|) 



By induction on n 

s n T^(s) = jZ{-l) l Clq- 2i eK%-^m^ n ' 1 ). (4.8) 

(=0 

It follows from (|4.1| ) that for any m > 

aTO>(a)=T € W»). ( 4 -9) 

Proposition follows from ( (4.8[ ), ( [4.9| ) and from Corollary |4.1| .b 
The next theorem follows from Proposition |4.5| 



Theorem 4.1 Tne translation operator Tg tne bounded operator in the space S q . 

Using ( |3.4|) , ( |3.5|) we define the conjugate operator Tg in the space of the g 2 -distributions 
(S q2 )': 

T* = e, 2 (-(l - q 2 )q 2 Zd s ), £s = q 2 s£. (4.10) 

If £16 = a 2 66 then 
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5 ^-convolution 

Let g(s) be the (^-distribution determined on the space S q2 of functions of one variable s, 
and r(£) be the ^-distribution determined on the space S q of functions of one variable 
£, moreover s and £ are connected by relation ( |4.1| ). We keep the designation S q for the 
space of functions of two variables s). Then the functional 

r(0 x g(s) 

is well-defined on this space and we call it the direct product of the functionals r(£) and 

g(s) 

< g(s),<r(£),ij){£,s) »=< r(Z),<g{s),4>{£,s) » . 
In addition if the functionals r and g are regular then we must succeed to Rule (O). 

Definition 5.1 We will call the functional 

<r*g,if>>=<r{£)xg(8),T£il>(s)> (5.1) 
by the q 2 -convolution of two q 2 - distributions from (S q2 )'. 

Definition 5.2 h(z) is the multiplicator in S q 2 if for an arbitrary function <j)(z) e S g 2 h(z)(f)(z) e 

S q 2. 

Proposition 5.1 The multiplication on an infinitely q 2 - differentiate function h(z) com- 
plying with inequality 

\d k z h{z)\<C k {l + \z\ l ) (5.2) 
for some I > is a bounded operator in S q 2 . 

Proof. By induction on m 



ar[M*w*)] = £ 

8=0 

Then for any n > 0, m > 

\z n d™\h(z)<j)(z)}\ = \z r 



m 
i 



<E 

8=0 



m 
i 



It follows from (Q and Q that 

m 

W[«(z)^(z)]|<E 



i=0 L 



<E 

i=0 



m 



E 


m 
i 


i=0 




-2i(m-i) 


m 






Q 


i 






m 



q- 2i( - m -^d™- i h(q 2i z)di(j)(z). 



- 2i{m - i) d^~ i h{q 2i z)di(p{z)\ < 



2i(m-i)\ d m-i h ( q 2i z j 1 1 z ^^{£) | . 



- 2l{ - m -^C m ^{l + \z\ l )\z m d l z 4>{z)\ < 



i=0 



m 
i 



-2i(m—i)/~i s~i 



c„ 



Thus the functions satisfying (|5.2|) , i.e. growing no faster then some power of \z\ for 
\z\ — > oo, are the multiplicator in S q 2. 
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Definition 5.3 We will call functional r G (S q2 )' by q 2 -convolutor in S q2 , if for an arbi- 
trary function ij)(s) G S q the q 2 -convolution 



(r*^)(s) = J d#tr(£)Trf(s) 

2 

exists and belongs to S q . 

Proposition 5.2 If functional h G S q 2 ' is the multiplicator in S q 2, then its q 2 -Fourier 
transform T'^h = r G (S q2 )' is the q 2 -convolutor in S q2 . 

Proof. Let functional h correspond to the infinitely g 2 -differentiable function h(z), and 
zh(z) be an absolutely g 2 -integrable. Then functional T'zh = r corresponds to the func- 
tion r(s) and for any k and n > a constant C n > exists so that q 2kn \r(±q 2k )\ < C n . 
It follows from here and from Theorem 14.11 that the series 



(l-q 2 ) £ g 2fc [r(^)V^( S )+r(-^)r_ g2 ^( S )] 

k=—oo 

converges uniformly with respect to s together with g 2 -derivatives with respect to s and 
we can ^-differentiate it term-by-term. 

It is easily to show as in the proof of Proposition 4.5 that for any n > and m > 



1=0 



n 
I 



q m-rn) A -l T±q2{h _ m) ( s n-l^ s) y (53) 



Hence, for any n > and m > and for an arbitrary if)(s) G S q2 



\s n dT(r*^)(s)\ < (l-q 2 ) £ 8*1^)^^)1 + \r{-q 2k )s n d^T_ q ^(s)\}. 

k=~oo 



Proposition follows from Corollary £T and 

Let now functional h correspond to infinitely g-differentiable function h(z) growing for 
\z\ — > oo no faster then \z\ p , p > is integer . That is h(z) has form 

v 

h(z) = Y J z k h k (z), 

k=0 

where hk(z) are such infinitely g 2 -differentiable functions that zhk(z) are absolutely q 2 - 
integrable. It follows from ( ]3.12p that 

r{s) = J2(-ids) k r k (s), r k (s) = F' q *h k {z). 

On the other hand using the formula of (^-integration by parts ( j3.2|) it is easily to obtain 
/ ^^S^) = (-1) V ( *- 1} / d q ^)T^(q~ 2k S )). (5.4) 

So the statement of the Proposition is truly in this case also. ■ 
The formula 

(d x i k r * ^)(s) = (-l)- k( - k+1 ^Aj k d k (r * iP)(s). (5.5) 

follows from (15.41) 
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Proposition 5.3 If r is the q 2 -convolutor in S q2 , then the q 2 -convolution (r * if))(s) is 
the q 2 -Fourier transform of the product h(z)(j)(z), where cj){z) = J r q2 1 ip(s) and h(z) = 

Proof. It was proved in JF| (Lemma (5.2)) that 

r ( 2 R fnr 7 = 1 

j E q2 (-i(l-q 2 )zs)E q2 (i(l-q 2 )q 2 s)d q2 s=l ^ U ° ^ *^ (5.6) 

It is easily to convince that 

e q ,{{l-q 2 )iA- l d s )E q ,{i{l-q 2 )q 2n+2 s) = E q2 (i(l - q 2 )q 2 ^)E q ,{i{\ - q 2 )q 2n+2 s). (5.7) 

At first let r be a regular functional corresponding to function r(s). It follows from 
and ( gig ) 



2\2 



26 



jdtf E g 2m [Mg 2m )e 92 (^(l-g 2 )rt) + M-g 2m )^^(l-g 2 )rt)]: 



m=— oo 
oo 



xe q 2 



((i- q ^A; l d s ) E g 2n [0(? 2ri )^ 2 (^(i-? 2 )? 2n+2 S ) + 0(-? 2 ")^(^(i-g 2 )g 2n+2 S )]. 



These series converge uniformly with respect to £ and so we can g 2 -integrate them term- 
by-term. Then using ( |5.6| ) and (|5.7|), we obtain 



/^er(Oe 92 ((i-g 2 )eA; 1 ^)^( s ) = ^^ E ? 2m E ^ 2n 
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2^2 oo 

' > , , , \ — * ^ 



m=— oo ?i=— oo 



x[%^)0(g 2 «) / - q 2 )q 2m 0E q2 (i(l - q 2 )q 2n+2 t)E q ,{i{l - q 2 )q 2n+2 s) + 

+%^)0(-g 2 ") | «e ?2 (-i(l - q 2 )q 2m i)E e {-i{\ - q 2 )q 2n+2 OE q2 (-t(l - q 2 )q 2n+2 s) + 

+W^)4>tf n ) J d q ^e q2 (t(l - q 2 )q 2m t)E q ,{i{l - q 2 )q 2n+2 i)E q ,{i{l - q 2 )q 2n+2 s) + 
+h(^)^-q 2 ") J ^ 2 ee g2 (2(l - Q 2 )g 2 ^)^ 2 (-i(l - g 2 )g 2 " +2 e)^(-z(l - g 2 )^ 2 " +2 S )] = 



(1-g 2 ) E <? 2n / i (g 2 «)0(g 2ri )^ 2 (^(l-g 2 )g M S ) + ^(-g 2 ")0(-^) J E (?2 (-z(l-g 2 )g 2n+2 S ) 



d q 2zh(z)<p{z) $i(-; 0; g 2 (l - g 2 )Os). 
Now let functional r 6 (S'' 3,2 )' be a g 2 -singular one with the multiplicity p (see Definition 



3J), i.e. 

p 

k=0 
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where rk(s) are regular functionals. It follows from ( |3.12| ) that 



{J^)- 1 r = h(z) = y £,{iz) i h k {z). (5.8) 

fc=0 



We have from (|3.7| ) and 



fc=0 



= £(-l)V 2 A7 l 0.)*(r* * == E(zz)%(*)0(z) 

fc=0 fc=0 

Then we obtain from (|5.8| ) 

J^- 2 \r^)(s) = h(z)<P(z). 



Theorem 5.1 Let g E (S q )' and r(s) be a q 2 -convolutor in S q . Then the q 2 -convolution 
r * g (j5.J\) is the q 2 -Fourier transform of the product of the q 2 -distributions hf, where 
h = (r q2 y 1 r,andf = (F q2 )- 1 g. 

Proof. For an arbitrary ijj( s ) an d <P( Z ) = J~~2 (f)(z) we have from the definition of the q 2 - 
distributions ( |5.1| and from the definition of the g 2 -Fourier transform of the (^-distributions 

<r*g,ifj >=< g,r*i/j >=< /, hcj) >=< fh,cj)> . (5.9) 
■ 

Corollary 5.1 If g(s) and r(s) are q 2 -convolutors in S q2 , then them q 2 -convolution is 
commutative one i.e. for an arbitrary i/)(s) G S q 

< r * g,ip >=< g * r,ip > . (5.10) 

The proof follows from commutativity of the product f(z)h(z) in right side of ( |5.9| ). ■ 

Corollary 5.2 If g(s) is q 2 -convolutor in S q2 , then 

g* 5 q 2 = S q 2 *g = g. (5.11) 

Proof, q 2 — ^-function is the g 2 -convolutor in S q2 because it is the g 2 -Fourier transform 
of 2, which is the multiplicator in S q 2 (see [0]). It is follows from ( |4.1(J ) 



g*5 q 2= J d q ^5 q 2(OT*g(s) = T*g(s) = g(s). (5.12) 

■ 

Proposition 5.4 

d s g*r = g*d s r. (5.13) 

Proof. It is follows from (|4.10j) 

%V(-(1 - q 2 )q 2 id s ) = -q 2 e q ,(-(l - q 2 )q^d s )d s . 
Now (|5~T3l) follows from Q and Q.b 
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6 The g 2 -pseudo differential operators 

Consider the ^-distribution s^T 1 [0. For an arbitrary fixed n > 
Jo Jo L fc=Q A;! J 

/■OO n I 

+ / ^(.)^ + (i - S-) g M(1 _ g2( , +t)) ^(o). 

It is seen from ( |3.2| ), that the last sum can be represented by the form 

n n _ n 2 ) k+1 

On the other hand 

< s q2 ,d k s ip >= (-i)V (fc+1) < 9 s % 2 ,v > . 

Hence is the meromorphic function of v with the ordinary poles v = —k, k = 0, 1, . . . 
with the residues 

res,^^ 1 = (-l)Y (fc+1) (1 ,VT + \ fc M4 (6-1) 

[q ,q )k 

Consider now the g 2 -r-function 



r, 2 (-) = ^7^(i-^- (6-2) 



OO 



Obviously it is the meromorphic function with the ordinary poles v = —k, k = 0,1, 
with the residues 

(gWUl-g 2 ) 1 - 



res, = „ fc T q ,{v) Hm n _ ^ n _ ^ +2fc _ 2y ^ +2fc+2 ^ 



(l-^ 2 ) fc+1 , 1 u.,( fc+ i)(l-^ +1 



(1 - g- 2 ^) . . . (1 - q- 2 ) y ' * (q 2 ,q 2 ) 
The next Proposition follows from ( |6.1|) and ( |6.3|) . 

Proposition 6.1 The q 2 -distribution r + / u \ is the entire function of v and 



u=—k 



d k J g2 (s), k = 0,.... (6.4) 



Definition 6.1 For an arbitrary q 2 -distribution g G (S^ 2 )' concentrated on the lattice 
{q 2n } and absolutely q 2 -integrable on any segment we will call the q 2 - convolution 



9 *V(^ (6 - 5) 
by the q 2 -derivative of g —v order if v < and by the q 2 -primitive of g v order ifv>0. 
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In accordance with Definition p.l\ we introduce the designation 



d/g = g* 



-.v-X 



Moreover the g 2 -derivative —v order is the g 2 -primitive v order if v > 0. 

For the proof of correctness of Definition |6.1| it is sufficient to check its correctness for 
v = 0, ±1 and to prove the following Proposition 



Proposition 6.2 For arbitrary v and \i 



sT 1 s 



u+fj,—X 



Let v = 0. It follows from (|6j) and (|5TT|) 



(6.6) 



g(s) * 



u=0 



(g*8 q 2)(s) = g(s). 



Let v — — 1. It follows from 



g(s) * 



v=-X 



CT ) and (CT 

= (c/ * d s 5 q 2)(s) = (5 q 2 * d s g)(s) = d s g(s) 
Finally let v = 1. As g is concentrated on the lattice {q 2n } and 

then 



1 £ < s 
£>s, 



000 * t^tt = / drfg(Z) = (1 - g 2 ), £ rtfa 2 ™*)- 

r^n 1 ) ^ m=0 

So the last function is the g 2 -primitive of g(s) because its (/ 2 -derivative is g(s). 

Proof of Proposition |6.2| . The statement of Proposition is trivial if v and /U are integer. 
Let v is not integer. Obviously 



k v-X 



( i \fc k{2v-k-X) W ; M- t/-fc-l 

1 J 9 (l-4 2 )fc 



Using the properties of the q ,2 -binomial formula ITO 



g (a,g 2 ) fc ^ fc _ (ax,g 2 ) c 



and ( 4.1U ) for function g(s) concentrated on the set s > we obtain 



d q z£g{0 T t 



d q ^g(0 J2 1 



k=0 



2: Aq- 2 " +2 ,<f)kS M 

(q 2 ,q 2 )k 
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„u od oo ( -2v+2 n 2\ i 

(i - <f)f^ E ^ 2m s) E ( V 2 if V ( - +m) 

L (p-\ u ) m=0 k=0 Vi iH )k 



oo q2mfq2m+2 g2 



E 



oo / 2m \ 

g{q a) 



n _ 2 , g (gWjog ~ q 2 ™(q 2 »,q^ 



00 n 2m (a 2u a 2 \ 

q \q >q )m , o m 



So 



= (i - <? 2 )<v E 



00 a 2m (a 2v a 2 ) 

q [q ^)^ q 2m s) 



-g(q 2m s) 



(6.7) 



m =o (q 2 iq 2 )m 

It is easily to prove by the induction on k that for any non integer v and \i and for 
any integer k > 



E? 



2i// 



A- 
/ 



(6.8) 



Consider now the composition of the operators d s v and d s ^ for non integer v and /1. 
It follows from ( |6.71 ) 

00 2l( rl 2/j, n 2\ 00 2m( n 2v n 2\ 

d7^ g (s) = (i - g 2 r^E ; 2 - 9W*r e Vf-#^(? 2m+2/ 5 ) = 



(i - q 2 r^ e g y 2 2 ; q)k g(q 2k s) e ^ 



"0 



z=o 



jfe 



(g^(g^gVj 

(g 2 "+ 2i/ ,g 2 ) fc 



(1-9 



fe=o [q >q )k 



The last equality follows from ( |6.8j ). Proposition is proved. ■ 

In @ the g 2 -Fourier transforms of the (^-distributions from the space S' q2 z v + and z v _ 
are calculated. It is follows from these formulas 



where Go is determined by 



2\i/-l 



E 



m=— 00 



—v)m 



Cv(l ~ g 2 ) 

+ ^ _ ? 2) ? 2(1 

(1 -g 2 )- 1 g" 2m + (1 -q 2 )q 2m ' 
The next theorem is follows from Theorem |5.1| and ( |6.9|) 
Theorem 6.1 (Addition theorem) 



(6.9) 

(6.10) 
(6.11) 
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